Equation of State

Chapter 5:
EQUATION OF STATE

In Chapter 3, we assumed the approximated functions under a fixed volume per particle
that predict the interaction energy and the interaction entropy of the cluster phase and the
monomer phase, and confirmed the approximated functions well reproduce the MC results
of the Helmholtz free energy of the homogeneous nucleation. In this chapter, we purpose
to develop the equation of state (EOS) of Helmholtz free energy of the nucleation as a
function of the number of particles N, temperature T, and volume per particle V/N by taking
into consideration the dependence on the volume per particle of the thermodynamic
properties. Moreover, we rearrange the EOS to estimate Gibbs free energy of the
nucleation as a function of N, T, and pressure P by taking into consideration contributions

of the pressure and the ideal gas term.

5.1. Volume Dependence of the Thermodynamic Properties

5.1.1. Monomer phase

As we stated above, interaction energy and interaction entropy of the monomer phase is
assumed that it have no dependence on temperature. Before the discussion about the
volume dependence of the thermodynamic properties, we consider whether the pressure of
the monomer phase has the temperature dependence or not. Figure 5.1 shows the
temperature dependence of the interaction term of pressure, P = P - NKT/V, in the phase
transition calculation. Since the interaction pressure levels off against the temperature
after the decomposition of the cluster, we assume the equilibrated value of the decomposed
monomer phase in the phase transition calculation into the P® of the monomer phase.

Here, the density dependence of the thermodynamic properties is discussed. On the
assumption of the uniform distribution of particles of the monomer phase, the interaction

energy can be expressed as
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where p = N/V is the number density of the system. Accordingly, the interaction energy is
predicted as in proportion to the system density, as

Un‘/p = const. (5.2)
Such behavior of the interaction energy of the monomer phase is shown in Fig. 5.2. Inthe
figure (b), it is realized that the products of the U,° and the volume per particle agree each
other and the products can be approximated as a function of the number of particles.
Secondly, the ideal gas equation of state obtains the entropy change of isothermal expansion
DSexp from the volume Vo to V as

DS,,, = NkIn(V /V,). (5.3)
Here, when we set a standard value Vo/N = 1.0 s, the expansion entropy is expressed as

DS,,, =Nk In(v / Ns*); (5.4)
then the interaction entropy of the monomer phase is predicted as a function of N and V/N,

SE(N,V/N)=SE(N,V,/N)+ Nk In(V / Ns®). (5.5)

Figure 5.3 shows the behavior of the interaction entropy. The figure (b) shows the values

exp

that result when kiIn(V/Ns?) is subtracted from the interaction entropy per particle of the

monomer phase for each density. Lastly, we consider the van der Waals equation to

predict the V/N dependence of pressure of the monomer phase. That is,

p= NKT _ap? (5.6)
V - Nb

where a and b are the van der Waals coefficients. The first term indicates the ideal gas
term and a repulsive part of the interaction term, while the second term indicates an
attractive part. In the monomer phase, the interaction almost occupied by the attractive
part because the particles are scattered in the system and scarcely connected each other.
That is to say, the interaction term of the pressure to be predicted as in proportion to the
square of p, as Pn®/p? = const. The product of the interaction pressure of the monomer
phase and the square of the volume per particle is plotted in Fig. 5.4.

On the basis of the above considerations and the approximated functions designed under
a fixed volume per particle as egs. 3.1 and 3.2, we defined approximated functions for the
interaction energy, the interaction entropy, and the interaction term of pressure of the

monomer phase that depend on the number of particles and the volume per particle as:™*>*%
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The pressure term is treated as P,°V term per particle coordinate with the interaction energy
and the interaction entropy. The coefficients a;, b;, and c; are obtained by least-squares
fittings similarly to Chapter 3, which results are shown in Table 3 and the fitted curves in
Figs. 5.2-5.4. The relative deviations, that expressed like as eq. 3.5, &'(Un°/N) = 0.0169,
8'(Sm‘/N) = 0.0304, and &'(Pn°V/N) = 0.00822. Incidentally, the relative deviations of the

interaction terms of the Helmholtz and the Gibbs free energies of the monomer phase are
8'(An’/N) = 0.0299 and &'(G°/N) = 0.0297.
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Fig. 5.1. Temperature dependence of the interaction term of pressure in the phase

transition calculation at V/N =90 s®.  The curves leveled off after decomposition of the

cluster.
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Fig. 5.2.

each volume per particle.

particle, and (b) the product of the interaction energy and the volume per particle.

circles, triangles, squares, diamonds, and crosses show the MC result.

Interaction energy of the monomer phase versus the number of particles plots on

The figure (a) shows the values at each simulated volume per

shows the result of the least-squares fitting by eq. 5.7.
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Fig. 5.3. The density dependence of the interaction entropy per particle of the monomer
phase. The figure (a) shows the values at each simulated volume per particle, and (b) the

reduced value into the standard of Vo/N = 1.0 s3.  The solid curve shows the result of the

least-squares fitting by eq. 5.8.

- 50 -



Equation of State

25 o o o
» —P,_(EOS)

SH O P_{(VIN=30")*(30°) |

&  as5F AP, (VIN=43.2)*43.2* |

¢ - A O P_(V/N=90)*90 ]

NZ 4 [ O P (VIN=20p 2400 |

;/ ! <P, (VIN=1000)*1000"

g 45}
A r

I ) -5.371 +5.357N" - 1.150N? ]
S METHo oo O ]

0 10 20 30 40 50 60 70 80

Fig. 5.4. The product of P,® and (V/N)® versus N plots. Similarly to the interaction
energy and the interaction entropy, the products of the interaction pressures and the square
of the volumes per particles roughly agree each other. The solid curve shows the result of

the least-squares fitting by eq. 5.9.
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Table 3. Results of the least-squares fittings for the monomer phase: a;, bj, and c;.

i a; bi Ci

0 -1.045E+1 1.190E+1 -5.371E+0
1 1263E+1 -4.677E+1 5.357E+0
2 -2257E+0 3.993E+1 - 1.150E+0

Table 4. Results of the least-squares fittings for the cluster phase: am, and byg.

m

amn
2 1 0 -1 -2 -3

4 3.125E-2 -3.424E+0 1.222E+2 -1.027E+3  2.937E+3 -2.713E+3
3 -6.758E-2 7.527E+0 -2.735E+2 2417E+3 -7.041E+3  6.540E+3
2 4536E-2 -5.156E+0 1.899E+2 -1.831E+3 5.491E+3 -5.142E+3
1 -9.449E-3 1.100E+0 -3.813E+1 4.436E+2 -1.400E+3 1.325E+3
0 4.015E-4 -4.656E-2 3.000E+0 -2.137E+1 5.442E+1 -4.490E+1
-1 8790E-5 -2183E-2 -4.362E+0 2.075E+1 -4.375E+1 3.581E+1

P
0 -1 -2 -3

bpq

5 -5208E+0 1.023E+2 -3.426E+2 3.161E+2
4 1332E+1 -3.012E+2 1.106E+3 -1.106E+3
3 -1.080E+1 2.958E+2 -1.191E+3 1.269E+3
2 3.496E+0 -1.059E+2 4.739E+2 -5.364E+2
1 -1425E+0 1.421E+1 -6.355E+1  7.562E+1
0 9.166E-3 -3.736E-1 1.869E+0 -2.337E+0
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5.1.2. Cluster phase
The density dependence of interaction energy, interaction entropy and interaction part of
pressure term of the cluster phase is mentioned below. In our model, the cluster phase
contains an N-particle cluster and no vapor phase particles in surroundings of the cluster,
like Fig. 2.2.  Since the model has no interaction between the cluster and the surroundings,
if the shape of cluster was similar each other, there is no dependence on the system density
in which thermodynamic properties. Such example is shown in Fig. 5.5 in the case of 27-
particle systems; all the superheated clusters on each volume per particle are spherical
similarly. On the contrary, the stretched cluster mentioned above, like as Fig. 4.2,
disagrees with the spherical cluster in which thermodynamic properties. Such examples

are shown in Fig. 5.6 in the case of 47-particle systems: the stretched cluster is obtained at
VIN =90 s>, In the figures (a) and (b), the thermodynamic properties have disagreements

each other at high-temperature (ca. T > 0.7 €/k). However, in the figure (c), the Helmholtz
and the Gibbs free energies agree closely. The agreement is caused that the disagreements
of U’ and S¢° are canceled in the Helmholtz free energy and the disagreement of P.°V term
is much smaller (107 ¢ order) than the values of the free energies.

In Chapter 3, we were obliged to approximate the interaction energy and the interaction
entropy of the cluster phase separately. The dispersion of the interaction energy that was
due to appearance of the stretched cluster caused the approximation by one function to be
unsuccessful. Besides, in the aims of estimating the Helmholtz and Gibbs free energies,
both the spherical cluster and the stretched cluster give roughly similar values. Accordingly,
we removed the stretched clusters from the subjects of the approximation and attempted to
approximate the interaction energy and the interaction entropy as one function. Figure 5.7
shows the states in which obtained the stretched clusters. The approximated functions for

the U.® (and it also predicts the S.°) and the P.°V term of the cluster phase are:

Ut o o
C - Nm-l-n
Nt - ad {amN"T'} (5.10)
(m=-3-2,-1012;n=-1,0,1,2,3,4)
PV o 3
. =gaalb. N7
N SC {omN T (5.11)

(p=-3-2,-1,0;9=0,1,2,3,4

The approximation of eq. 5.10 is performed as (U.°/NT) for the purpose of fitting accuracy,
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similarly to eq. 3.3.  As results of the least squares fittings, we obtained the coefficients
amn and bpq as shown in Table 4 and the fitted curves as shown in Figs. 5.8 and 5.9. The
relative deviations are &§'(U.5/NT) = 0.0190 and &'(P.°V/N) = 0.0327. Incidentally, the
relative deviations of the interaction entropy, the interaction terms of Helmholtz and Gibbs
free energies of the cluster phase are §'(S.°/T) = 0.0547, §'(A.°/T) = 0.0357, and &'(G:°/N) =

0.0343.
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Fig. 5.5. The interaction energy, the interaction entropy, and the pressure term of the
cluster phase calculations on each volume per particle in 27-particle system. The 27-

particle systems obtain similarly spherical cluster phases on the each volume per particle.
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Fig. 5.7. Map of the states that are removed from the subjects of the cluster phase
approximation.  All the plots correspond to the simulated states as shown in Fig. 4.1, and

the crosses are the states in which obtained the stretched clusters.
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Fig. 5.8. Fitting results of the cluster phase: (a) the interaction energy, while (b) the
product of the interaction term of pressure and volume per particle. The circles, triangles,
and squares are the MC results and the curves are the EOS. Care should be taken that the
approximated functions for the cluster phase, egs. 5.10 and 5.11, have no dependence on the

volume per particle.

-58 -



Equation of State

12

10

(S./N) / k
(o]

o by by oy s by 1y ®

(d) interaction term of Helmholtz free energy

A s SOy s by b s

(ASN) /¢
e

(e) interaction term of Gibbs free energy

(GSIN) /¢

v SAE L G AO y  L

el v e
0.4 0.6 0.8

T/ (/k)

o
o©
N
—
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the Helmholtz free energy, and (e) the interaction term of the Gibbs free energy.
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5.2. Equation of State of the Nucleation Free Energy

The Helmholtz free energy of the nucleation DA on (N, T,V) domain is obtained by eq. 2.9.
In Fig. 5.10, we compare the DA from the EOS and the results of the MC simulations.
Figure 5.11 shows the values of the critical nucleus, the size Na* and the nucleation energy
DA*, that is obtained from the maximum of the nucleation energy curve like Fig. 5.10. On
the other hand, as we mentioned above, the Gibbs free energy of the nucleation should be
obtained under constant pressure and the ideal gas term should be included in the process of
obtaining DG, like eqs. 2.11 and 2.12. We obtained the DG on (N,T,P) domain with the
following procedure.

Thus far, the interaction terms of thermodynamic properties were only treated and the
ideal gas terms were not considered in the purpose of the DA estimation. In the following,
to make a relationship between the simulation results and the ideal gas, we assumed the
thermodynamic properties of the monomer phase resemble those of the ideal gas. An

interaction term of the Helmholtz free energy of the monomer phase can be obtained from

the density integration of the compressibility factor at each number of particles as zA,*:™M
B,A @P 0l 1
Pzoh - 8 _ 1 =qp, = 5.12
R TR (5.12)
This is rearranged by the relation of
BP - BPn (5.13)
p Y

and by the approximated function for the P,V of eq. 5.9, as

AS(NV.) N &
Z.m ml — C-N
N Vv ac,

m i=0

i BVe(NVy) (5.14)
N
This reestimtes the interaction term of Gibbs free energy of the monomer phase
Gn’(N,T,Vm). On the other hand, the interaction term of Gibbs free energy of the cluster
phase, G°(N,T,V.), is obtained as
GE(N,V,T)=US(N,T)- TSS(N V., T)+PSV.(N,T), (5.15)
SS(N,V,, T)=,S;(N,V,, T)+osDS*(N,V,,T)

= EOSUm(N ’Vc_l?- ZAm(N ’Vc) +{EOS SE(N 1T )_ EOSSrGT}l(N ’VC)}'

(5.16)

Here, we obtain the interaction entropy of the cluster phase S°(N,T,V.) as sum of the
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interaction entropy of the monomer phase and the interaction term of the entropy change
between the cluster phase and the monomer phase: the former ;S.° is estimated from the
compressibility factor in eq. 5.14, and the latter gosDS°® is estimated from the approximated
functions fo eqgs. 5.10, 2.7, and 5.8. The ideal gas term of the Gibbs free energy G is
defined by the statistical thermodynamics as:

GY=U"+PHy - TSH,
U“‘ngkT, PV = NKT, SidzuTld+Nklnq-klnN!, (5.17)
Vv h

q=—, L=—m—u!
L V2tmkT

Here, the symbols g, L, h, and m indicate the molecular partition function, the thermal
wavelength, the Planck's constant, and mass of the particle. We obtained the ideal gas
term of entropy with the LJ parameters and the mass of argon molecule, as e/k =119.8 K, s
= 0.340 nm, and m = 6.634° 10% kg. Volumes of the cluster phase and the monomer
phase, V. and Vp, that present the identical pressure P, are obtained from egs. 5.9 and 5.11
as:

p= fp KT _f +kT
(Vo/NY  (Vo/N) (V/N)'

(5.18)

& : g &
f,=a@c¢N”, f =aab,NT"
i=0 p=-309=0
The Vi/N and V¢/N at some pressures, 0.0127, 0.00679, and 0.00270 e/s, are plotted in Fig.
5.12. Inthe case of P = 0.0679 ¢/s?, the V/N is roughly constant at 90 s, while the V/N
changes from 90.6 s®at N =2 to 10.4 s®at N =80. However, at a low temperature, it is
lower than about 0.4 /k in the case of P = 0.00679 &/s®, the Vi/N values are not available;
Vi/N is obtained from the eq. 5.18 by the quadratic formula,
V - 21

Yo - , (5.19)
N kT +/(KT)? +4f P

yet the square root term, (kT)? + 4f,P, becomes negative at such low temperatures.
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Fig. 5.10. Helmholtz free energy of the homogeneous nucleation on (N,T,V) domainat T =
0.67 e/k. The curves at high-density region, V/N =30, 43.2, and 90 s®, are plotted in the
figure (a), while low-density in the figure (b). Circles, triangles, squares, diamonds, and

crosses are the MC results and the curves are the EOS.
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the Helmholtz free energy DA*.
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Fig. 5.12. Volumes per particle of the monomer phase and the cluster phase at T = 0.67
e/k; that are obtained from eq. 5.18. The pressure in LJ reduced units corresponds as 1.0

els® = 41.9 MPa in the case of argon.
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The above equations yield the Gibbs free energy of the nucleation on (N,T,P) domain
with eq. 2.12.  Figure 5.13 shows the DG(N,T,P), and Table 5 shows the components of the

DG(N,T,P) concretely. In the high-density (high-pressure) region, Fig. 5.13 (a), the DG
curves are somewhat overestimated; the value seems to have risen excessively at the large-
N region. On the other hand, the curves of the low-density (low-pressure) region, Fig.
5.13 (b), are lower than the curves of the DA on corresponding volumes per particle, like
Fig. 5.10. This can be explained as the following behavior of the components of DG and
DA:

DG(N,T,P)=DH;(N,T,P)- TDS,(N,T,P) (5.20)
=DJ,(N,T,P)+PDV,(N,T,P)- TDS;(N,T,P),

DA(N,T,V)=DU ,(N,T,V)- TDS,(N,T,V). (5.21)
First, we compare the internal energy term of the Gibbs free energy of the nucleation
DUG(N,T,P) and the one of the Helmholtz free energy DUA(N,T,Vy) as:

DUG(N,T,P) ={U (N, T)- US(N, T} +{US(N,T)- US(NV,)}, (5.22)

DU,(N,T,V.)=US(N,T)-US(N,V,), (5.23)
where the volume V., gives the constant pressure P. The ideal gas term and the
approximated function for the cluster phase have no dependence on the volume per particle
as seen in egs. 5.17 and 5.10. Therefore, the internal energy terms DUg and DU, are
identical, irrespective of the volume per particle of the cluster phase. Secondly, the
entropy terms, DSg(N,T,P) and DSA(N,T,Vy), are related in detail as:

DS, (N, T,P)={Se(N,T,V,) - SZ(N, TV, )b +{S¥(N, T, V)~ SE(N,T.V,)},

UZ(N V), A (N,V, ‘ ‘
( T) A )+{EOSSC(N,T)-EOSSm(N,VC)},

eosUn(N,V)- ;AN V) (5.24)
T ,

S;(N,T,Vv,)=EF

Sn(NLT, V)=

_ : i, V V_U V
SIY(N,T,\V.)- SYN,T,V.)=NkjIn—= - In—2y= Nk In—=<,
e ( 1) - S ) 13 L% v

DSA(N,T,Vi)=eos Se (N, T)- o5 Sm(N . Vy,). (5.25)
The expressions can be rearranged by egs. 5.7, 5.8, and 5.14,

TDS,(N.T,P)=N{A aN""-AcN’ }: \%
|

'O‘<C

(5.26)

< o<|z

+TeosS (N, T) - NTIabN "+kin NC}Z NkTIn
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TDS,(N,T,V.) =T .0eSS(N,T)- NTLA BN +k In Wm% (5.27)
|

Their difference is
TDS4(N,T,P)- TDS,(N,T,V,) = N{é aN'-acN Eg - \%g (5.28)

this explains the contribution of the entropy term toward the difference between DG(N,T,P)
and DA(N,T,Vny). The density term of eq. 5.28, N/V. - N/Vy, is nearly in proportion to the
pressure, i.e., becomes larger in the smaller V,/N system as in Fig. 5.14. In the case of
high-pressure and small-V,/N system, the volume per particle of the cluster phase becomes
fairly smaller: VJ/N ~ 4.3 s®at P =0.0165 e/s®, N =80, and T =0.67 e/k. We assumed that
the thermodynamic properties of the cluster phase, U.%, S¢, and PV, do not depend on the
density such as egs. 5.10 and 5.11, that is based on the MC results of V¢/N = 30 up to 1000
s as in Figs. 5.5. and 5.6. However, it is not guaranteed that the thermodynamic
properties of the cluster phase are constant against the density in the high-density region as
V/N <30 s, and the EOS extrapolates the V¢/N in the high-density region. Possibly, in
the high-density region, the density dependence that we neglected becomes remarkable;
therefore the EOS would contain overestimate the DG.  On contrary, in low-pressure/low-
density region, the EOS of DG is in consistent with the one of DA because the extrapolation
is not remarkable. Figure 5.15 shows the behavior of the components of the nucleation
energy: DUG(N,T,P), PDVg(N,T,P), and TDSg(N,T,P) of the DG, besides DUA(N,T,V) and
TDSA(N,T,V) of DA. The effect of the extrapolation in high-pressure/high-density region as
the figure (a) is much larger than the one in low-pressure/low-density as (b); the deviation
of the TDS¢ term raises the DG as in figure (a).

Here, we consider the reason what the DG curve obtains a maximum against the number
of particles. The DG can be divided into the enthalpy term and the entropy term as in eq.
5.20, while into the ideal gas term and the interaction term as

DG = DG + DG*. (5.29)
Such components are plotted in Fig. 5.16. In the figure, the ideal gas term is plotted as
-DG'" then eq. 5.29 can be interpreted as DG = DG® - (- DG'). In the small-N region, the
enthalpy term or the interaction term (solid curves) is higher than the entropy term or the
ideal gas term (broken curves), and inclination of the former is less than that of the latter.

Therefore, the DG has a positive value and increases against the number of particles for a
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while. However, after all, the enthalpy term or the interaction term overtakes the entropy
term or the ideal gas term due to increase of the inclination of the formers.  Accordingly,
the DG has a maximum as in Fig. 5.13. The values of the critical nucleus given by the

maximum, the size of Ng* and the free energy of DG*, are plotted in Fig. 5.17 as a function

of temperature.
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Gibbs free energy of the homogeneous nucleation on (N,T,P) domain. The

contribution of the ideal gas term is taken into consideration in the DG estimation. The

volumes per particle of the monomer phase are mostly close to the figured values at which

maxima.
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0.0127, 0.00679, and 0.00270 e/s°.

Equation of State

Examples of the concrete values that construct the nucleation energy at P =

constantas N =32 and T = 0.67 g/k.

The number of particles and the temperature are

P/ (els?) (VIN)/ s* Ule S/k PV/e Gle
ideal 412E+1 5.09E+2 2.75E+1 -2.73E+2
cluster 4.34E+1
interaction -1.05E+2 -1.45E+2 -2.29E+1 -3.07E+1
ideal 412E+1 5.80E+2 2.75E+1 -3.20E+2
1.27E-2 monomer 1.04E+1
interaction -4.62E+0 -3.33E+0 -2.39E+0 -4.77E+0
ideal 0 -7.02E+1 0 4.70E+1
delta 3.29E+1
interaction -1.00E+2 -141E+2 -2.06E+1 -2.60E+1
ideal 472E+1 5.80E+2 3.15E+1 -3.10E+2
cluster 9.01E+1
interaction -1.27E+2 -1.70E+2 -2.68E+1 -4.03E+1
ideal 472E+1 6.65E+2 3.15E+1 -3.67E+2
6.79E- 3 monomer 1.95E+1
interaction -5.32E+0 -3.84E+0 -2.75E+0 -5.49E+0
ideal 0 -8.50E+1 0 5.69E+1
delta 7.07E+1
interaction -1.22E+2 -1.66E+2 -2.40E+1 - 3.48E+1
ideal 3.22E+1 4.32E+2 2.14E+1 -2.36E+2
cluster 2.40E+2
interaction -7.27E+1 -1.29E+2 -1.72E+1 -3.58E+0
ideal 3.22E+1 4.83E+2 2.14E+1 -2.70E+2
2.70E-3 monomer 4.90E+1
interaction -1.34E+0 -9.66E-1 -6.94E-1 -1.39E+0
ideal 0 -5.09E+1 0 341E+1
delta 1.91E+2
interaction -7.14E+1 -1.28E+2 -1.65E+1 -2.19E+0
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Fig. 5.14. Pressure dependence of the density term of the contribution of the entropy term
toward the difference between DG(N,T,P) and DA(N,T,Vn); shown in eq. 5.28. When the

pressure becomes lower (V/N larger), the density term and eq. 5.28 becomes smaller.

-70 -



-100 |

-150

components of AG and AA / ¢

-200 |
-250 |
-300 |

-350 Lo

Fig. 5.15.

-200

-250 |

-100 |

-150 |

Components of DG and DA versus N plots.

Equation of State
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In the high-pressure system (a),

the difference TDSg - TDSas becomes remarkable with the increase of N, it cancels the

negative contribution of the PDVg and raises the DG. On the other hand, the low-pressure

(b), the difference between the entropy terms becomes smaller, therefore the difference DG

- DA is almost occupied by the PDV¢ contribution and the DG becomes lower than the DA.
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Fig. 5.16. The components of DG; the entropy term DH and the entropy term TDS, while

the ideal gas term DG'® and the interaction term DG® at P = 0.00270 e/s®and T = 0.67 e/k.
Care should be taken that the ideal gas term is plotted as - DG".
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Fig. 5.17. The values of the critical nucleus in (N,T,P) domain: (a) the size Ng* and (b)
the Gibbs free energy DG*. As we stated in the text, the both Ng* and DG* are

overestimated at the high-pressure system.
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5.3.  Comparison with the Classical Nucleation Theory
and Other Simulations

According to the classical nucleation theory as stated in section 1.2.2, the free energy of

nucleation is expressed as a function of the number of particles:

213
DG =amy N & NkT Ins. (1.14)
ednp .o

Here, the supersaturation ratio S = (P/P) is also regarded as (p/pe); p and pe are densities of
the supersaturated vapor and equilibrated vapor phases, besides y = 1.03 &/s?, p. =0.82 s,
and p. = 0.00161 s> at T =0.67 e/k. We compared the EOS and the classical theory in Fig.
5.18. The classical theory underestimates the size of the critical nucleus Ng*, and
overestimates the critical free energy DG*, these have been reported in computational and
experimental results.*”*®1  Though the EOS also overestimates in both Ng* and DG*, the
values seem to be consistent with the inclination of the classical theory.
The size and the free energy of the critical nucleus are obtained as egs. 1.15 and 1.13:

L 32wy’

—__oeny 1.15
©  3p%(kTInS)*’ (1.15)

L lémy®

IO (1.13)

Figure 5.19 shows the comparison between the results of the EOS and the other simulations.
Oh and Zeng estimated the Ng* and DG* of the LJ system by MC simulations of the
nucleation in a large system in which they set an upper limit of the size of cluster.”
Yasuoka and Matsumoto performed MD simulations for the nucleation of LJ system, and
also obtained the Ng* and DG*.®! As we stated in previous section, since the EOS
overestimates the DG in high-density region by the effect of the extrapolation of the V/N,
the reliability of the EOS is scanty in the high-density region. However, it can be
expected that the EOS will give a suitable prediction qualitatively except for the region that
the N* and the DG™ rise against density increase, ca. Vin/N < 100 s°.

In the classical theory, the DG gives a maximum against the cluster size due to
competition between the surface and the bulk contributions. The classical theory is a
prediction from the macroscopic phenomenology. On the other hand, in the EOS from the

microscopic MC simulations, the maximum is obtained due to competition between the
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enthalpy and the entropy terms or the interaction and the ideal gas terms, as stated above.
The model daringly simplified the N-particle nucleation as monomer-cluster transition in an
N-particle system. Still the model gave the maximum values of DG (and DA) near to the
prediction of the classical theory, and was consistent qualitatively with the classical theory.
The agreement suggests that, though many examinations are required, the model is

available to predict the nucleation energy.
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Fig. 5.18. Comparison between the EOS and the classical nucleation theory at T = 0.67

e/k. The former is plotted as solid curves, and the latter broken curves.
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500

Fig. 5.19. Comparison between the EOS and other simulations in the values of the critical
nucleus at T =0.67 e/k.

The prediction of the classical theory is also plotted. In high-

density region, ca. Va/N < 100 s® the EOS of the Gibbs free energy somewhat

overestimates in which critical values; the region is plotted as the broken curves.
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Conclusion

Chapter 6:
CONCLUSION

In this thesis, we estimated the free energy of the homogeneous nucleation in the
supersaturated Lennard-Jones vapor phase by using the Monte Carlo simulations. The MC
simulations are performed on the various numbers of particles and volumes per particle at
128 states. From the MC results, we assumed an equation of state for the free energy of
the homogeneous nucleation as a function of the number of particles, the temperature, and
the volume per particle. The EOS clarified the characteristics of the nucleation energy
against these variables. The results obtained in this work are concluded as follows.

First, we focused a specific N-particle nucleation, and daringly simplified the nucleation
as the phase transition between the two extremes of the N-particle system, i.e., from the
monomer phase to the cluster phase. In the former, the N particles scatter as the
supersaturated vapor phase, while in the latter, on contrary, the N particles connect together
as a unity cluster. If the free energies of the monomer phase and the cluster phase in the
N-particle system are estimated independently, which difference obtains the N-particle
nucleation free energy. In the simulations of the cluster phase, we restricted the system
configuration to keep a unity cluster in the whole range of the simulated temperature by the
Stillinger's cluster criterion. In which the all particles of the system should be connected
together, and the connection is decided by a threshold value of the interparticle distance.
We obtained the interaction part of the Helmholtz free energy under constant volume per
particle as sum of the interaction energy and the interaction entropy term. The interaction
entropy was estimated by the thermodynamic integration from the interaction energy, as the
relative value from the low temperature.

Secondly, the Helmholtz free energy gave a maximum (the critical nucleus) against the
number of cluster particles under representative temperature (near the triple point
temperature of the LJ fluid) and volume per particle. That has been studied widely by the
small- and large-scale simulations, in which the critical nucleus were similarly obtained.

Thirdly, we designed the equation of state for the Helmholtz free energy of the
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homogeneous nucleation by the results of MC simulations at the 128 states. From the
EQOS, we suggested a reason what the nucleation energy has a maximum against the number
of particles; that is caused by competition between the internal energy term and the entropy
term of the nucleation energy.

Lastly, we suggested a method that rearranges the EOS for estimating Gibbs free energy
of the homogeneous nucleation as a function of the number of particles, the temperature,
and the pressure. The EOS gave the maximum and behaved similarly to the one of the
Helmholtz free energy in which low-pressure/low-density region. Though the EOS still
has unsatisfied problems as the overestimation of the nucleation energy in which high-
pressure/high-density region, it is variable as a technique for estimating the EOS of the
Gibbs free energy of the homogeneous nucleation from the microscopic MC simulations

with the simplified model.
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Gibbs-Thomson's Formula

Appendix A:
GIBBS-THOMSON'S FORMULAM

As stated in Sec. 1.2.1, the equilibrium pressure of the small-size cluster with the radius
of r is expressed by the relationship with the equilibrium pressure of the bulk liquid phase
by Gibbs-Thomson's formula as

20 -2 (1.9)
P p.KTr

e
In this appendix, this formula is explained in detail by comparison between the
condensation/evaporation process on surface of the bulk liquid phase and the one of the
cluster.

Here, we consider a spherical cluster with the radius of r. When the cluster grows in
which radius to r + dr, the surface area of the cluster increases as

4n(r +dr)? - 4nr? ~ 8mrdr. (A.1)

Thus, the surface excess energy of the cluster increases 8nrdry against the increase of the
radius dr. From the relation between the number of the cluster molecules and the cluster

radius as N = (4/3)nr’p,, change of the number of the cluster molecules against the cluster

radius, dN/dr, is
(:j—’;l = dggnﬁpco dr :4nr2pc. (A.2)

Accordingly, the surface excess energy of the cluster increases against the increase of N

particles as

8nry—=—. A.3
nYdN rp. (A-3)

When a cluster with the radius of r equilibrates in supersaturated vapor, i.e. when the
system pressure P = P(r), chemical potential of the cluster peusier(r) and the one of the vapor
phase LLyapor are identical:

Weluster (1) = Mvapor- (A.4)
Since the peuster (1) indicates the free energy change per cluster molecule, it relates to the
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chemical potential of the bulk liquid phase (with flat surface as r = ¥) as:

ucluster (r ) = “cluster (¥) + % ' (AS)

c

The difference of egs. A.4 and A5 is

Hyapor ~ I’Lcluster(¥) = % [P = P(r)] (AG)

On the other hand, in the liquid-vapor equilibrium, i.e. P = P, chemical potentials of the
both phases are identical:

Hvapor = Meluster(¥) = 0. [P =Pe] (A7)
The difference of egs. A.6 and A.7 gives the relation of P(r) and P.. Now, the Gibbs free
energy of the system G is expressed against the minute changes of the temperature dT and
the pressure dP as

dG = VdP - SdT, (A.8)
where V is the volume and S thr entropy. If the vapor phase is assumed as an ideal gas, the

free energy change of the isothermal compression from P to P(r) is

()dP P(O

DG = Q “Vdp = NkTQ =NKT In (A.9)

e

In the bulk phase, the chemical potential equals to the Gibbs free energy per molecule, then

P(r)

Wyapor [P(1)]= Myapor [P] =KT In— (A.10)

On the other hand, in the case of the liquid phase, since the volume can be considered as

almost constant against the compression:

Hcluster(¥)[P(r)] - Hcluster(¥)[Pe] ~ 0. (A.ll)
Accordingly, the relation of P(r) and P. is expressed with egs. A.6, A.7, A.10, and A.11 as
«Tin 20 _ (A.12)

R p pr
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Appendix B:
STABLE STRUCTURE AND
THE MAGIC NUMBER OF SMALL-SIZE CLUSTERMVY!

Materials form the specific crystal structures by which kind(s) of molecule: cubic lattice,
tetragonal lattice, hexagonal lattice, diamond structure, etc. However, the small-size
cluster has another structure because the contribution of the cluster surface is much larger
than the bulk crystal. The noble gases, neon, argon, krypton, and xenon, form the face-
centered cubic (fcc) lattice as the most stable structure of the bulk crystal phase at low
temperature.  On the other hand, in the small-size cluster of the noble gases, the
intermolecular interaction is almost occupied by the dispersion force, therefore the cluster
stability is ruled by the geometrical configuration of the molecules. The regular
icosahedral structure with the 5-fold axis of symmetry is the most stable structure of the
small-size cluster of the noble gases, and the Lennard-Jones particles.

The number of particles that realizes the icosahedral structure is N = 13, 55, 147, 309,
and more. These sizes of clusters have exceptional stability, so the numbers are termed as
the Magic Numbers. In the case of 13-particle icosahedral cluster, there is a particle at the
center of mass of the icosahedron and the rest of 12 particles surround the center particle at
each vertex of the icosahedron. On the other hand, in the case of a unit lattice of fcc, a
particle is also surrounded by 12 particles by which nearest neighbours. Figure B.1 shows
a comparison between the icosahedral structure and the corresponding fcc structure. The
both configurations resemble each other, then the one side can convert easily to the other.

In the MC simulations under a fixed volume per particle (Chapter 3; explained in detail
in Chapter 2), we chose a distorted cubic lattice as an initial configuration of the cluster
stabilization process. However, in the simulation on various volumes per particle (Chapter
4), the initial configuration was only the fcc lattice. That is caused by a difficulty of the
cluster stabilization when we chose the simple cubic lattice or body-centered cubic lattice

as the initial configuration. However, as the results, all the stabilized clusters had the
icosahedral structure or the resemble one; except for very smaller clusters as N < 7, that
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form triangle, octahedron, decahedron, etc. Accordingly, the fcc (also the simple cubic
and the body-centered cubic) lattices are suitable as an initial configuration of the cluster
stabilization process. Figure B.2 shows the configurations at the end of the cluster

stabilization process.
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Fig. B.1. Comparison of the configurations of the icosahedron (the left figure) and the fcc
(the right). The fcc lattice has the 2-, 3-, and 4-fold axes of symmetries, while the
icosahedron has the 2-, 3-, and 5-fold axes of symmetries. Yet, the both structures

resemble each other.
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Fig. B.2. The characteristic snapshots of the stabilized clusters of the MC simulations,
corresponding to Fig. 2.5. The snapshots in top are the Magic Number clusters; N =13
and 55. The bottom left is the decahedral structure on N =7, while the bottom right N =

23, it has also geometrical stability.
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