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Abstract
Several techniques of computer-aided synthetic carving are presented. We describe both procedural methods for relief carvings and
patterned lattices, as well as interactive carving. Different techniques of depth data generation for relief carving are described: polygon-tofunction conversion, pattern-dependent interpolation, and ray-casting. All proposed methods are based on using implicit surfaces or, more
generally, the function representation of geometric objects. q 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction
Designing complex three-dimensional (3D) shapes is one
of the most challenging problems in computer art. Sculpting
techniques providing global and local deformations have
recently become one of the central themes in computer
graphics literature (see, for example, Refs. [2,6,13,15,21]).
As was postulated in Ref. [5], ªa system which will allow
the reshaping of illusory computer material by carving into
it, adding material to it or modeling it would open new and
exciting creative opportunitiesº.
Carving is considered as a human activity aimed at producing new shapes by cutting or engraving on initial shapes.
Here, we discuss synthetic carving as an application of
computer-aided shape modeling using local deformations
for removing and/or adding material. The following types
of modeling are discussed:
1. De®nition of a pattern followed by a projection operation
that projects the pattern on to the basic model for carving.
A pattern can be de®ned by discrete depth data or a
continuous height function of two variables. Existing
3D painting systems provide means for the depth data
preparation [7,22]. Traditionally, depth data has been
used to appropriately elevate nodes of a polygonal
mesh to model a carved relief [3]. Here, we propose
several different ways to generate depth data (polygonto-function conversion, pattern-dependent interpolation,
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and ray-casting a 3D shape) and to use that data to carve
on objects constructed of implicit surface primitives.
2. Interactive local modi®cations of the basic shape using a
modeled carving tool (a chisel) and set-theoretic operations. This approach was implemented for the voxel [1,4]
and constructive solid geometry (CSG) models [6]. We
present interactive carving based on implicit surface
primitives.
This paper aims to illustrate our approach to providing
shape modeling tools for computer art based in a uni®ed
manner on the function representation (or F-rep) of the
underlying model [8]. This representation is a generalization
of an implicit surface model and incorporates such different
geometric models as skeleton-based implicits, CSG, voxel
objects, sweeping, and medial axis. In fact, any object that is
de®ned with an inequality f x; y; z $ 0 can be included in
the model. The representation supports different operations
such as set-theoretic, offsetting, blending, metamorphosis,
and deformations with space and function mappings [17].
The advantage of this model is that the result of any
supported operation can be an input for the next operation.
To convert a CSG object to F-rep, one can replace solid
primitives (leaves of the CSG-tree) by the corresponding
functions, then replace set-theoretic operations by
R-functions [8,14] and introduce a procedure that evaluates
the de®ning function for the entire object by tracing the
obtained F-rep tree. This conversion is illustrated in detail
in Section 2.1.1. To convert B-rep to F-rep, we have to
convert B-rep to an intermediate voxel or CSG representation. A voxel array can be converted to a continuous function using some interpolation procedure.
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normal. We describe the following three procedures for
generating depth data for carving: polygon-to-function
conversion, pattern-dependent interpolation, and raycasting.
2.1.1. Polygon-to-function conversion
An arbitrary 2D polygon (convex or concave) can be
represented by a real function f x; y taking zero value at
polygon edges. The polygon-to-function conversion
problem is stated as follows. A 2D simple polygon is
bounded by a ®nite set of segments. The segments are the
edges and their extremes are the vertices of the polygon. A
polygon is simple if there is no pair of non-adjacent edges
sharing a point, and convex if its interior is a convex set. The
polygon-to-function conversion algorithm should satisfy the
following requirements:
Fig. 1. Relief carving procedure.

In this paper, we describe and illustrate several techniques of F-rep-based computer-aided carving. There are
different types of carved shapes: relief carvings,
patterned lattices, sculptures and engravings made with
chisels. We ®rst propose procedural models for relief
carvings and patterned lattices (Section 2), then describe
an interactive tool for carving (Section 3), and ®nally
give an example that combines the proposed techniques
(Section 4).
2. Procedural carving
The function f x; y; z of a 3D shape can be de®ned
with a single equation or with a procedure that evaluates
the function at any given point. A procedure for synthetic
carving inputs both a de®ning function of a basic shape
and depth data which will become a pattern for carving,
and from this it calculates the de®ning function for the
carved shape.
2.1. Relief carving
In the case of relief carving (see Fig. 1), we start from a
2D image (line drawing or grayscale raster) or a 3D shape
and generate depth data. Different ways of generating such
depth data are described in the subsections below. Then,
relief carving is modeled with the ªoffsetting along the
normalº operation [8]. The de®ning function of the result
is represented as follows:
f 0  f x 1 dN;
where f is a de®ning function of the basic 3D shape, d is an
offset distance de®ned by the generated depth data, and N is
a gradient vector of the function f in the given point x. Note
that we have reformulated the notion of ªoffsetting along the
normalº by substituting the function gradient for the surface

² it should provide an exact polygon boundary description
as the zero set of a real function;
² no points with zero function value should exist inside or
outside of the polygon;
² it should allow for the processing of any arbitrary simple
polygon without any additional information.
A monotone set-theoretic expression with R-functions
allows such a conversion [10,12,14]. Then, depth data is
generated by taking only the positive values of the function
(i.e. points inside the polygon). The depth values for points
outside the polygon (corresponding to negative function
values) are set to zero. Offsetting along the normal modulated by the depth data can be applied to any arbitrary F-rep
object to carve the relief.
Now, we describe the monotone formula construction and
the de®ning function evaluation algorithm. Rvachev [14]
and Peterson [12] independently proposed representing a
concave polygon with a set-theoretic formula where each
of the supporting half-planes appears exactly once and no
additional half-plane is used. It is illustrated in Fig. 2a and b.
A counter-clockwise ordered sequence of coordinates of
polygon vertices A1 x1 ; y1 ; A2 x2 ; y2 ; ¼; An xn ; yn  serves
as the input. Also, coordinates are assigned to a point
An11 xn11 ; yn11  coincident with A1 x1 ; y1 : It is obvious
that the equation
fi ; 2x yi11 2 yi  1 y xi11 2 xi  2 xi11 yi 1 xi yi11  0
de®nes a line passing through points Ai xi ; yi  and
Ai11 xi11 ; yi11 ; fi is a function positive in an open region
V i1 and negative in an open region V i2 located to the left
and to the right of the line, respectively. When the region
V 1 is bounded by a convex polygon, it can be given by the
logical formula

V 1  V 11 > V 21 > ¼ > V n1 :
If V 1 is an external region of a convex polygon then

V 1  V 11 < V 21 < ¼ < V n1 :
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Fig. 2. Relief carving with the polygon-to-function conversion: (a) concave polygon; (b) tree representing monotone set-theoretic formula; (c) initial polygon
for relief carving; (d) depth data generated by the polygon-to-function conversion procedure; (e) reptile carved on a stone using offsetting along the normal
controlled by depth data; and (f) reptile carved on a medial axis object.

Let us consider the concave polygon shown in Fig. 2a
and a tree representing its monotone formula in Fig. 2b.
Note that in the tree in Fig. 2b, the convex polygon
A1 A2 A10 A11 is a root (level 0), the polygon A2 A6 A10 is
level 1, and the polygons A3 A4 A5 and A7 A8 A9 are level 2.
The internal region V 1 of the initial polygon is de®ned by

the following formula:

V 1  V 11 > V 21 < V 31 > V 41  < V 51 < V 61 < V 71
1
1
> V 81  < V 91  > V 10
> V 11
:

This formula is especially good in that each region is
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represented in it only once. It is worth emphasizing that the
set-theoretic operation applied to a region is determined by
the tree level to which this region belongs. Because V 21 ;
V 51 and V 61 ; V 91 (see Fig. 2a), it can be simpli®ed as
follows:

V 1  V 11 > V 21 < V 31 > V 41  < V 61 < V 71 > V 81 
1
1
> V 11
:
> V 10

The ®nal formula for the de®ning function is obtained by
replacing the symbols V i1 by fi ; symbol > by ^ and
symbol < by _ in the monotone formula. For our example
(Fig. 2a), the de®ning function for the polygon is
F  f1 ^ f2 _ f3 ^ f4  _ f6 _ f7 ^ f8  ^ f10 ^ f11 ;
where the following R-functions are used:
q
Intersection ^ f1 ^ f2  f1 1 f2 2 f12 1 f22 ;
q
Union
_ f1 _ f2  f1 1 f2 1 f12 1 f22 :
In practice, monotone formula construction results in a
tree structure (see Fig. 2b). To evaluate the de®ning function
at a given point, the algorithm traces the tree from the leaves
to the root, evaluates the de®ning functions of half-planes
and applies corresponding R-functions to them.
The steps of the conversion procedure are illustrated in
Fig. 2: polygon input (Fig. 2c), depth data generation
(Fig. 2d), and relief carving on two different objects (Fig.
2e and f). The basic stone shape in Fig. 2e was modeled by
the algebraic sum between the de®ning functions of a settheoretic solid and solid noise [9]. The basic shape in Fig. 2f
was reconstructed from a medial axis model as described in
Ref. [11] and then deformed by a non-linear space mapping.
Note that as a result of offsetting along the normal, the
reptile's surface follows the features of the basic shapes in
both carvings. The ®nal model was rendered with specialized implicit surfaces ray-tracing software [20].
2.1.2. Pattern-dependent interpolation
Another way to generate depth data is the pattern-dependent scheme for interpolation of scattered data with the help
of the ®nite element method (FEM). It is used to obtain a
smooth approximation of scattered data for the input image.
The 2D input data is represented by a set of scattered points
obtained from digitizing a hand-made line drawing. These
points have arbitrary coordinates x; y and scalar height
values assigned to each point based on the gray level, for
instance, zero for black and 255 for white pixels. Our
experiments with a straightforward approach, such as applying the blurring operation, have shown that it cannot provide
smooth carving areas for input line drawings, because of the
local character of this algorithm.
We utilize the method of interpolation proposed in Ref.
[16] based on the minimum-energy property. The problem
of constructing interpolating functions for scattered data is

well known. Here, we do not consider this problem in detail,
we only sketch the basic ideas of the variational schema and
describe our algorithm.
The problem with constructing interpolating functions by
FEM for 2D space V is stated as follows: given data points
P i x; y; i  1; 2; ¼; N; which are scattered in the sense that
there are no assumptions about the disposition of the independent data, and the data set r is associated with the points,
we have to construct a smooth function s h x; y; which takes
on the value ri at points Pi x; y [ V; if it is possible, or
satis®es the condition:
2

iAs h 2 ri  min;
where A is some linear bounded operator. Along with this
condition, the function s h x; y has the minimum energy
of all functions that interpolate the values ri : This conforms
to the following minimum condition, which de®nes
operator T:
Z
2
2
s xx
1 s yy
 dV  min;
V

where the integral is taken over the image space V .
In our case, we solve the general problem of generating a
smooth approximation of the scattered data. For the solution
to this problem, two matrices T and A have to be
constructed. After that, a non-singular linear system of algebraic equations aT 1 As  f with the positive symmetric
matrix aT 1 A can be solved with the help of the wide
class of iterative or direct methods with a as a smoothness
weight. We use a piecewise linear approximation over the
rectangular mesh. The bilinear basis function v ij x; y 
vi xvj y corresponds to each node of the rectangular
mesh. The solution of the data approximation can be
found in the form:
X
s h x; y 
s ij vij x; y:
i;j

Unless we adjust the notation to make vector s  {s ij }
one-dimensional, the matrices T and A will be four-indexed:
tijkl  T vij ; T vkl ; aijkl  Avij ; Avkl ; or more explicitly
ZZ
2v i x=2xvj y 2vk x=2xvl y
tijkl 
V

1 vi x 2vj y=2yvk y 2vl y=2y dx dy;
aijkl 

N
X
m1

vi xm vj ym vk xm vl xm ;

where Pm has coordinates xm ; ym ; m  1; 2; ¼; N: Taking
into account that
tijkl  dik ujl 1 uik djk ;
R
R
where ups  vp xvs x dx; dps  v 0p xv 0s s dx and
indexes p; s [ {i; j; k; l}; elements of the matrix T can be
calculated.
The reason for the selection of the FEM approximation
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of scattered data is that this method is very well formalized
and consists of several clearly de®ned steps. Our patterndependent interpolation algorithm consists of the following
operations:
1. Generation of original scattered data. Pictures are
digitized by using a scanner with a resolution of 300 by
300 pixels.
2. Sorting the data. At this stage, we put calculated data in a
grid of 100 £ 100 size according to the chosen network
pattern (see Fig. 3a). The reduction of the grid resolution
helps to reduce the calculation time and provides additional smoothing of the depth data. Such sorting also
allows us to calculate effectively the right part components of the system of linear equations
fij  r; Avij  

N
X
m1

rm vi xm vj ym :

3. Numerical assembly. This step calculates the values of all
elements in the FEM matrix according to its logical structure de®ned for the rectangular FEM mesh.
4. Cholesky factorization. The problem is reduced to the
solution of the system of linear algebraic equations, Ax 
b; where A is a band matrix of coef®cients, x is a vector of
unknown node values and b is a vector of right parts.
5. Calculating the right part of the resulting linear algebraic
system. Solving lower and upper triangular matrices.
6. Linear interpolation over the mesh.
The presented techniques thus far have assumed that the
image array being calculated is smaller than the image array
being displayed. To this end, the problem is to calculate
color/intensity values for each pixel. The measured processing time on an SGI Indigo 2 workstation for the abovementioned steps is about 1 s. The values obtained in the
grid nodes are used as depth data to carve the image on
some surface. We must stress that the FEM approximation
of scattered image points gives us the option to control the
smoothness of the carved shape by using the smoothness
weight a . Fig. 3 shows a relief carved on an elliptic surface
with depth data generated from a line drawing using the
interpolation scheme presented.
2.1.3. Ray-casting
Three-dimensional shapes can also be used to generate
depth data for carving. One could propose to simply make a
set-theoretic union between the basic shape and the auxiliary 3D shape. Actually, the result can be quite different,
because carving with depth data allows the carved shape
to follow the features of the basic shape as can be observed
in Fig. 2. To generate the depth data, we sample the height
of the auxiliary 3D shape with traditional ray-casting at a set
of grid points. The distances between the viewing plane and
the ray-surface intersection points will provide the desired

Fig. 3. Relief carving with depth data generated by the pattern-dependent
interpolation.

depth data. To generate the depth data shown in Fig. 4a, we
applied ray-casting to a 3D volumetric head with hair grown
and styled on it as described in Refs. [18,19]. The result of
carving with this depth data is shown in Fig. 4b. Other
representations can also be used to generate depth data
using ray-casting or z-buffer algorithms.
2.2. Carving patterned lattices
A 2D object de®ned by a function of two variables can be
used not only for relief carving, but also for cutting through
a thin 3D shell to produce a patterned lattice. The procedure
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Fig. 4. Relief carving (b) with depth data (a) generated by ray-casting a 3D shape.

of carving a patterned lattice includes the following steps
(see Fig. 5):
1. Convert a discrete image pattern into a continuous function
of two variables using some interpolation scheme (bilinear
or the FEM-based one described in Section 2.1.2).
2. De®ne a basic 3D shell, which will carry the ®nal lattice.
3. Introduce a projection operation using cylindrical, spherical, or any other coordinate system similar to texture
mapping.
4. Apply the projection to the 2D object de®ned by the continuous function of two variables to generate a 3D swept
pattern in space.
5. Intersect the shell with the swept pattern to generate the
patterned lattice.

Fig. 5. Procedure of modeling a patterned lattice.

All these steps are expressed in terms of operations on real
functions and procedurally de®ned F-rep models for patterned
lattices. Fig. 6b shows an example of a patterned lattice
modeled with a simple image pattern (Fig. 6a) multiplied
and projected using the spherical coordinate system. The
same object is used in the complex example presented in
Section 4.
3. Interactive carving
In the previous section, we considered synthetic carving
where sophisticated procedures create shapes based on parameter values as de®ned by the user. The user of such procedures may not necessarily be an artist skilled in carving or
other artistic techniques. He/she probably should have artistic imagination and must know how to use the modeling
software. In this section, we consider another approach to
carving using implicit surface primitives where the computer serves only as a virtual tool and neither replaces the artist
nor provides any new artistic techniques. The goal of this
approach is to allow the artist to work in the virtual environment exactly like, or at least as close to working in real
life as possible. The work of art is to be created with virtual
models of familiar tools, and familiar real-world techniques
are to be used. The advantages of this approach are that the
object being created can be made from any virtual material
and that there are no problems with ªorderingº the many
different tools as needed.
Wood carving requires differently shaped cutters (see
Fig. 7). Piece by piece, the wood is carved with these
cutters. While doing interactive carving, the artist operates
virtual cutters chosen from a set of tools with prede®ned
shapes and sizes. If required, the custom-made tools can be
rede®ned by varying the geometric parameters of the cutter
models. In synthetic carving, the artist carves in the same
way he/she does real carving. The artist chooses the tool,
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Fig. 6. Carving a patterned lattice: (a) initial image pattern; and (b) 3D patterned lattice.

carves the workpiece, and observes the result. If the result is
not acceptable, multilevel undo operations can be used. For
better immersion, a graphics tablet can be used. Graphics
tablets with pressure-sensitive pens allow the artist to
control the depth of carving almost in the same way as in
real carving. The program is implemented as a kind of interactive solid modeling tool where the cutter-objects are
subsequently subtracted from the workpiece-object. Internally, all the cutters and the workpieces themselves are
de®ned functionally, and the ®nal object is also functionally
de®ned. All operations are implemented as subtractions of
solid objects. The ®nal object is represented in the data
structure as a binary tree where each node is a set-theoretic
operation and the leaves are cutters. For visualization, interactive ray-tracing is used. Since a typical model may
contain several thousands of solid objects to be subtracted
from the workpiece, ray-tracing may take quite a long time,
since it implies many function evaluations for each ray cast.
To accelerate this process, only those parts that were
affected by the most recent carving are to be redrawn. To
estimate the size of the affected area and to detect which
cutter instances are involved, the bounding boxes for the

Fig. 7. Cutters used for wood carving.

cutters and the spatial organization of the data structure
are used. The size of the bounding boxes are about the
size of the cutters. This method ensures reasonable redrawing time for the affected areas that does not exceed 0.5 s for
complex models, and thus provides both photo-realism and
interactivity. The ®nal or interim model of the object can be
saved in the de facto standard POV-Ray data format for
further high-quality ray-tracing or for later use with other
models. We use an extension of POV-Ray that allows us to
visualize any object represented with a real function [20]. In
Fig. 8a, an example of carving on a lacquered wooden board
is presented. In Fig. 8b, we used a voxel head as a workpiece
for interactive carving.
The same approach has been extended to virtual making of
chased art. When real engraving or chasing on metal is being
done, the copper, brass or silver foil is placed on top of a rubber
sheet or resin. First, lines and edges are drugged with the
stumps (see Fig. 9), which are ®rmly held in the artist's ®st.
Next, the foil is turned over and embossed areas are made with
other stamps either by rubbing the foil or by hitting it many
times. Then, the foil may be turned over again, put on a hard
wooden surface, and the background pattern is made. Then,
the foil is turned over several times so that the process
continues until perfection is achieved. After that, coloring
with chemicals remains to be done. Simulating chasing with
the computer, we also use functionally based constructive
solid geometry where embossing the metal with stamps is
simulated by union and subtraction with blending (de®ned
with modi®ed R-functions [8]). The blending parameters are
functions of the geometric size of the stamp and the thickness
and stiffness of the metal foil. It allows us to perform a pseudophysical simulation of the actual process. For example, when
doing carving, a graphics tablet should be used for better
immersion and a pressure-sensitive pen naturally simulates
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Fig. 8. (a) Interactive carving on a lacquered wooden board; (b) interactive carving on a voxel head.

the application of the stamps. Similar to carving, interactive
ray-tracing is used only where affected areas are redrawn after
each application of the stamps. Here, a more complicated
estimation of the size of the affected areas is required when
an operation with blending is used, since the result of this
operation expands beyond the bounding box of the stamp. In
Fig. 10a and b, interactively chased pictures are presented.
4. Application example

Fig. 9. Tools used for chasing on metal.

In this section we illustrate how the discussed carving
techniques can be applied for designing complex 3D scenes
in computer art. The image ªGeometric mentalityº
presented in Fig. 11 was created using several F-rep models
with synthetic carving and a modi®cation of the POV-Ray
ray-tracing program that is able to render implicitly de®ned
surfaces (isosurfaces). Subsequently we explain the variety
of models that were used to generate Fig. 11. The central

Fig. 10. (a) Chased pattern; and (b) another chased picture ªSea shellsº.
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Fig. 11. Functionally de®ned scene ªGeometric mentalityº.

object of the picture is a head that has a drawer ®lled with
typical solid primitives. It is created by interpolating the
head's voxel data and then applying set-theoretic operations
to the thus functionally de®ned head and solid primitives.
Refer to Ref. [19] for the basics of the composition of the
voxel data and functionally de®ned geometric objects. The
hair strands are modeled as functionally de®ned generalized
cylinders [18,19]. To make the hairstyle, we apply set-theoretic operations and non-linear transformations to the cylinders. The candle-holder is modeled as a patterned lattice
(Fig. 6). The candle is modeled as a cylinder with the top
part sculpted by applying the set-theoretic difference with
an ellipsoid to remove the undesirable part. The wax ªtearsº
are de®ned using the 1D medial axis model [11]. The table
and the plate are constructive solid objects de®ned functionally. The ªreptilesº sitting on the leg of the table are created
with the relief carving (Fig. 2). The background image with
the clouds and the stylized comet is created using patterndependent interpolation (Section 2.1.2). Because of all the
shapes and the scene complexity, the ®nal ray tracing with
extended POV-Ray took several hours on a Silicon Graphics
Onyx Reality Engine2 workstation.

5. Conclusions
We presented new techniques for modeling relief
carving and patterned lattices. An interactive software for
carving and chasing has been implemented and tested. All
described tools for synthetic carving are uni®ed on the foundation of the function representation. The authors believe
that this representation and the described carving techniques
will allow computer artists to discover a new source of
shapes.
The current output of our modeling system is restricted to
halftone rendering and polygonization. The ®nal model
output using rapid prototyping equipment will be the subject
of future work.
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